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Abstract 
The work function is embedded in the equation describing the relationship between the 
constant volume and constant pressure heat capacities.  The modification of the work function 
results that the relationship between these quantities must be changed accordingly.  Using the 
newly derived work functions of elastic solids the description of the heat capacities and the 
relationship between the heat capacities are given for solid phase. 
 
The molar heat capacity ( )[ ] γϕc represents the energy required to raise the temperature of one 
mol substance by one degree of Kelvin.  The general description can be given as: 
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where )liquid(l),solid(s),gas(g=ϕ , and )volume(V),pressure(p=γ , n is the number of 
moles, T is the temperature, and q is the heat supplied to the system.  The energy added to the 
system can be utilized as thermal energy or mechanical work.  The differential of the heat 
supplied to the system comprises both the thermal and work related energies.  The 
thermodynamic conditions affects only the work related heat while the thermal related part 
remains unchanged regardless of the conditions. 
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The heat capacity in the same manner can be divided into thermal and work related parts.  The 
thermal related part will be called molar thermal heat capacity ( )thermalc ϕ  
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while the work related part will be called to molar work heat capacity ( )[ ] γϕ workc  
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The heat capacity is then the sum of the thermal and work related heat capacities. 
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( )[ ] ( ) ( )[ ] γγ ϕ+ϕ=ϕ workthermal ccc  (5)
In gas phase the molar heat capacity at constant volume is  
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At constant volume no mechanical work is done and the molar work heat capacity is zero. 
( )[ ] 0gc
V
work =  (7)
The energy supplied to the system is entirely utilized as thermal energy. 
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According to the first law of thermodynamic the differential of the internal energy of a system 
[U] is equal with the sum of the differentials of the heat and work supplied to the system. 
pdVdTncwqdU V −=δ+δ=  (9)
In gas phase at constant volume equation (9) reduces to 
( ) ( ) dTncgqgdU VV =δ=  (10)
At constant pressure the differential of the internal energy is : 
( ) ( )[ ] ( )[ ]
pp
gwgqgdU δ+δ= . (11)
Combining equation (10) with (11) gives the differential of the heat supplied to the system at 
constant pressure. 
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The heat capacity at constant pressure is then 
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The first term in equation (13) is the molar heat capacity at constant volume [Eq. (8)] while the 
second term is the molar work heat capacity at constant pressure 
( )[ ] ( )[ ] ( )∫∫ δ+δ+ δ=δ−δ= TTT pTTT ppwork dVpTn1gwTn1gc . (14)
The relationship between the constant pressure and volume heat capacities in gas phase can be 
written as :  
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Using the equation of state for ideal gasses 
( ) nRdTdVpnRTpV p =⇒=  (16)
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and substituting this result into equation (14) gives the molar work heat capacity for gasses 
( )[ ] ( ) BATTTTTT ppwork kNRRdTT1dVpTn1gc ==δ=δ= ∫∫ δ+δ+  (17)
where R is the universal gas constant, AN  is the Avogadro number, and Bk  is the Boltzmann 
constant.  The relationship between the molar heat capacities at constant pressure and volume is 
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The current consensus in solid thermodynamics assumes that equation (8) is valid regardless 
of the phase; therefore, it can be used in the same form for solids1. 
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where ( )Debyesc  is the theoretical value of the thermal heat capacity calculated by using the Debye 
concept.  The relationship between the heat capacities is described2 as : 
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where 
pV
α  is the volume coefficient of thermal expansion and TK  is the bulk modulus.  In this 
study the thermodynamic description of the heat capacities and the relationship between the heat 
capacities will be investigated in detail in solid phase. 
Investigating solids in a state of equilibrium it has been demonstrated that correlation between 
the temperature and the pressure can exist only at constant volume3.  This correlation is 
irreversible and works in the temperature pressure direction.  The limited communication 
between the temperature and the pressure put constraints on the conversion of the thermal and 
the mechanical energies.  In solid phase the pressure correlates to the elastic related volume 
change while the temperature to the thermal related volume change.  These volume changes are 
not compatible with the exception of constant volume condition when the expanded volume 
converts completely to compressed volume.  Based on theoretical consideration it had been 
suggested that the thermal related volume change do not result mechanical work.  Separating the 
thermal and elastic related volume changes the work functions for each of the thermodynamic 
conditions have been derived4. 
Since only the elastic volume change results work in solid phase the molar work heat capacity 
should be written as : 
( )[ ] ( )[ ] ( )∫∫ δ+ γδ+ γγ −δ=δδ= TTT elasticTTTT Twork dVpTn1swTn1sc . (21)
In solid phase contrarily to gasses the heat added to system does work on the system.  The 
signs given in Eq. (14) for the differential of the work and for the work function have been 
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changed in Eq. (21) accordingly.  The work functions of solids4 for constant pressure and volume 
are 
[ ] ( ) 


 −∫



 +−∫=∆ α−α= 1eepKKeV)s(w
fT
iT p
V
T
iT
0T pV
dTK
p
TT
dT
0pT
 (22)
[ ] ( )



 −α−−∫=∆ −αα ifK
p
V
dTT
0TVT
TTe1eeVK)s(w T
i
p
fT
iT p
VipV . (23)
Subscripts i and f are used for initial and final conditions respectively.  Assuming that TTi =  
and that K1TTf +=  the internal work related to one degree of temperature change can be 
calculated 
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The molar work heat capacities for solids are 
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Substituting the molar volume at zero pressure ( )[ ]0pmTV =  
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the heat capacities are at constant pressure ( )[ ]
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Combining equation (29) and (30) the relationship between the constant pressure and volume 
heat capacities is 
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Simplifying equation (31), the relationship between constant pressure and constant volume 
molar heat capacities can be rewritten like: 
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Assuming that Kelvin1x 0Vpα  is small compared to 1 then equation (32) can be written as : 
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It can be seen from equations (26) and (27) that in solid phase the mechanical work related to 
one degree of temperature change at constant volume is greater than at constant pressure. 
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The higher value of the mechanical work at constant volume indicates that the value of the heat 
capacity at constant volume should be higher than at constant pressure. 
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The temperature and pressure dependence of the molar work heat capacities and their 
relationship to each other is shown on Fig. 1. 
Using the conventional approach [Eq. (20)] and calculating the molar volume heat capacities 
from experiments the theoretical and experimental values did not show good agreement for 
different minerals5.  The inconsistencies might be resulting from the incorrect theoretical 
description of the heat capacity. 
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FIG. 1.  The characteristic behavior of the molar work heat capacities is shown as function of 
pressure and temperature.  The values [ ]Vp cc − calculated by the conventional method [Eq. (20)] 
are also plotted for comparison.  The molar work heat capacities were calculated by using Eq. 
(29) and (30).  It was assumed that the bulk modulus and the volume coefficient of thermal 
expansion are constant, and that Pa10*1K 11T = , 15V K10*1p −−=α , and ( ) 350pm 0Tm0 m10*2VV −== == . 
